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Multidisciplinary Optimization of Aeroservoelastic Systems
Using Reduced-Size Models

Mordechay Karpel*
Technion—Israel Institute of Technology, Haifa 32000, Israel

Efficient analytical and computational tools for simultaneous optimal design of the structural and control
components of aeroservoelastic systems are presented. The optimization objective is to achieve aircraft per-
formance requirements and sufficient flutter and control stability margins with a minimal weight penalty and
without violating the design constraints. Analytical sensitivity derivatives facilitate an efficient optimization
process that allows a relatively large number of design variables. Standard finite element and unsteady aero-
dynamic routines are used to construct a modal data base. Minimum-state aerodynamic approximations and
dynamic residualization methods are used to construct a high-accuracy, low-order aeroservoelastic model.
Sensitivity derivatives of flutter dynamic pressure, control stability margins, and control effectiveness with
respect to structural and control design variables are presented. A gradient-based constrained optimization
algorithm is used to minimize an overall cost function. A realistic numerical example of a composite wing with
four controls is used to demonstrate the modeling technique, the optimization process, and their accuracy and
efficiency.
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Nomenclature
closed-loop system matrix
closed-loop system matrix after truncation
closed-loop system matrix after
residualization
state-space coefficient matrices, Eq. (11)

cost function weighting parameters
generalized damping matrix
semicord
equality constraint coefficients, Eq. (22)
residualization constraint matrices, Eq. (15)

control gain
control gain at which instability occurs
upper limit of G
control gain matrix
control gain margin
requested minimal gain margins
identity matrix
optimization cost function, Eq. (26)
contributions of a unit structural design
variable to the mass and stiffness matrices
generalized stiffness matrix
generalized stiffness matrix of elastic modes
reduced frequency, u>b/V
tabulated reduced frequency
available and required control rolling
moments per unit aircraft roll rate
rigid aerodynamic rolling moment per unit
dynamic pressure due to unit control
surface deflection
mass matrix
generalized control coupling mass matrix
fictitious mass matrix
generalized mass matrix
number of states
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ns = number of retained elastic modes
p = design variable
ps = structural design variable
ps = upper limit of ps
[GcL [Qs] = control and structural columns of the

generalized unsteady aerodynamic force
coefficient matrix

[Q*], [Q*] — weighted aerodynamic matrices
[GcL [QJ = portions of [Qc(0>] and [&(())], Eq. (17)
6*> 2* = measures of aeroservoelastic importance,

Eqs. (13) and (14)
q = dynamic pressure
qd = design dynamic pressure
qf = flutter dynamic pressure
qf — requested minimal flutter dynamic pressure
s = Laplace variable
s = nondimensionalized Laplace variable, sblV
T = transfer function from sensor to control

surface
{^}> {^} = column and row eigenvectors for [A]
{u} = actuator command input vector
V = flow velocity
Wf = added weight due to unit pf
{x} = state vector
[xa] = aerodynamic augmenting states
[xc] = control system states
{jtj, {xc} = eliminated and retained states
{y} = sensor output vector
[&KS] = addition to generalized stiffness matrix, Eq.

(19)
AW, AW0 = added weight and its requested upper limit
{8} = control surface deflection vector
£ = equivalent viscous modal damping

coefficient
77 = aeroelastic effectiveness
A = eigenvalue of [A]
\f = flutter eigenvalue
{£} = generalized structural displacement vector
{£?}> {£) = eliminated and retained structural

displacements
[iffc] = control surface deflection modes
[if/m] = vibration mode shapes of the baseline

structure
[ifjm] = approximated mode shapes of the baseline

structure
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[\limj\ = fictitious control surface deflections in
structural modes

[if/s] = sensor input modal slopes
oj = vibration frequency
o)f = flutter frequency
con = natural frequency
d/dp, d/dG = constrained derivatives, Eqs. (23) and (24)

Introduction

T HE design of the structural and control systems of a flight
vehicle with a given aerodynamic configuration starts

with separate analyses which are aimed at satisfying basic
stress and performance requirements. These preliminary de-
signs are then optimized to satisfy structural and control sta-
bility margin requirements with a minimal performance cost
and without violating the design constraints. Modern high-
performance, control-augmented aircraft may have a strong
coupling between the structural and control systems through
aeroelastic effects. This calls for a multidisciplinary optimi-
zation process in which structural and control design variables
are modified simultaneously.

The purpose of this work is to present a practical and ef-
ficient optimization scheme in which the various aeroservo-
elastic aspects are analyzed and synthesized with a common
model. The applicability of the common-model approach to
realistic design cases has been demonstrated by Livne et al.1>2

who presented an integrated synthesis scheme that can treat
a rich variety of behavior constraints and performance mea-
sures such as stress, displacements, control surface travel and
hinge moments, aeroservoelastic poles, gust response, drag,
and aircraft maneuver parameters. A thorough literature sur-
vey is also given in Ref. 1. The structural model of Refs. 1
and 2 is based on the equivalent plate approach of Giles3 with
which a complex structure can be represented by a relatively
low number of degrees of freedom. This allows the inclusion
of the entire structural model in the aeroservoelastic model,
which is impractical with common finite element models like
those of NASTRAN.

The optimization model suggested in this paper is based on
data that can be extracted from any linear structural, aero-
dynamic, and control models. It is assumed that the structure
can be represented in the optimization by a limited set of low-
frequency vibration modes of the baseline finite element model.
The validity and limitations of this assumption in practical
applications are examined in this work by numerical exam-
ples. The general scheme of a major optimization cycle is
given in Fig. 1. An aeroelastic modal data base is first con-
structed for a relatively large number of modes. The com-
putational efficiency of this part is not as important as that
of the later parts because it is performed once for the entire
optimization process or at least for the major part of it. The
aeroservoelastic modeling part of the scheme is aimed at re-
sulting in a model of minimal size but still accurate enough
for the optimization process. Several size-reduction tech-
niques are combined to achieve this goal and to provide the
analyst with physical insight and numerical measures for an
a priori evaluation of the size-reduction effects. The third part
of the optimization scheme is the actual model update process
to minimize a cost function within the design constraints. High
computational efficiency of this part facilitates an interactive
design process where the designer can inspect the results and
change parameters in order to perform tradeoff studies and
to obtain a realizable design.

The design objectives in this work are to satisfy given re-
quirements for flutter and control stability margins and to
achieve the desired roll performance with a minimal weight
penalty and without exceeding the limits of the design vari-
ables. For the sake of clarity we start with the description of
the test-case model that will be used to demonstrate the var-
ious parts of the optimization process. The formulation and
applications elaborate on the new features of this work in the

Fig. 1 General scheme of a major optimization cycle.
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Fig. 2 Top view of the AFW structural model.

Table 1 Natural frequencies and modes of the baseline structure

Mode no. Frequency, Hz Description
1
2
3
4
5
6
7
8
9

10
11
12

0.
7.023
7.856

13.069
16.161
27.408
38.271
39.639
41.137
49.922
51.640
57.403

Rigid body roll
1st fuselage bending
1st wing bending
Missile pitch
2nd fuselage bending
2nd wing bending
1st wing torsion
Missile yaw
Fuselage torsion
3rd fuselage bending
3rd wing bending
2nd wing torsion

area of reduced-size modeling, sensitivity derivatives of sta-
bility margins and aeroelastic effectiveness, and the model
update process.

Test-Case Model
The test-case deals with the active-flexible-wing (AFW)

composite wind-tunnel model tested at NASA Langley Re-
search Center. A top view of the NASTRAN finite element
model is given in Fig. 2. A description of the aerodynamic
model appears in Ref. 4. The mathematical model assumes
antisymmetric boundary conditions at Mach 0.9. The lowest
12 vibration frequencies and the associated mode descriptions
appear in Table 1.
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where

Fig. 3 Wing-box optimization zones.

The subject for optimization is the wing-box structure be-
tween y = 18.45 in. andy — 49.30 in. The wing-box composite
upper and lower skins are mirror images of each other. The
wing-box is divided into 11 optimization zones as shown in
Fig. 3. The baseline weight of the optimized portion of the
structure is 3.06 Ib. The total number of high-strength graph-
ite-epoxy plies in each of the skins varies between four at
zone 2 (one in each of the 0-, +45-, —45-, and 90-deg ori-
entations) and 20 at zone 9 (four in 0-deg and two in each of
the 28-, -62-, 45-, -45-, 73-, -17-, and 90-deg orientations).

The model has four control surfaces per wing (see Fig. 2)
driven by third-order actuators. A zero-order control system
reads the output of a roll rate-gyro located near the centerline
and commands the actuators through different gains. A per-
formance analysis established that a control law which sup-
plies a rolling moment of L < L, where L - 3000 Ib-in. per
unit aircraft roll rate (minus pilot roll command), is required
for adequate roll performance at the design dynamic pressure
qd = 1.5 psi. L is related to the control, aerodynamic, and
aeroelastic parameters by

iifcLg,. = Llqd (1)

where L8i is the rigid aerodynamic rolling moment per unit
dynamic pressure due to unit deflection of the /th control
surface and G, and 17, are the associated control gain and
aeroelastic effectiveness. In addition, the closed-loop aero-
servoelastic system is required to exhibit a sufficient flutter
margin:

> 1.44qd (2)

All the nonzero gains are required to exhibit sufficient gain
margins

(3)

where GM, = 20 log(G1*/GJ) where G*/G, is a positive factor
by which G, has to be multipled to achieve instability at qd
(with other gains remaining unchanged). G* /G, > 1 yields
the positive gain margin, and G*IGt < 1 yields the negative
one. Phase margin requirements and their sensitivity deriv-
atives are given in Ref. 5. They are not discussed here because
they are not critical in the test-case problem of this paper.

Aeroelastic Data Base
The aeroelastic data base (see top part of Fig. 1) has been

constructed using the MSC/NASTRAN code. The modes con-
sist of the 25 lowest frequency vibration modes of the baseline
structure [i/>m] and four control surface deflection modes [fa]
of unit rotation of the respective control surface and zero
deflection elsewhere. The modes serve as generalized coor-
dinates in the Laplace domain equation of motion

(4)

[B,]s + [K,]

where [Ms], [Bs] and [Ks] are the generalized structural mass,
damping, and stiffness matrices respectively, [Mc] is the con-
trol coupling mass matrix, [£} is the vector of generalized
structural displacements, {8} is the vector of control surface
commanded deflections, [Q5(s)] and [<2c(s)j are the gener-
alized unsteady aerodynamic force coefficient matrices, and
q is the dynamic pressure. For the baseline structure [Ms] and
[Ks] are diagonal. [Bs] is also assumed to be diagonal with
Bsi = 2£iMsia)ni where £ is the equivalent viscous modal damp-
ing coefficient and a>ni is the /th natural frequency. [Mc] is
defined by

(5)

where [M] is the mass matrix in discrete coordinates. The
computation of the baseline coefficient matrices of Eq. (4)
starts with normal modes analysis of the free undamped struc-
ture. A convenient way to have [if/m] and [fa] included in a
unified set of modes, such that the matrices on the right-hand
side of Eq. (4) can be calculated along with those on the left-
hand side, is as following. The finite element model is changed
such that each control surface is disconnected from its actua-
tor. The differential motion between the two sides of each
disconnection point defines a new DOF, diy which represents
the rigid-body rotation of the /th control surface relative to
the wing. Each 5, is loaded with a fictitious mass Mfi of large
magnitude. A thorough discussion on the use of fictitious
masses in normal modes analysis is given in Ref. 6. The re-
sulting modes include [fa] as rigid-body modes while the other
modes, frequencies, and generalized masses are approxi-
mately equal to those of the original structure. Each control
surface mode is normalized to a unit deflection of the re-
spective d;. Orthogonality between the rigid-body control sur-
face modes and the others implies

<«
where the matrices are partitioned according to the original
coordinates and the added ones. It can be shown that [ij/m]
becomes closer to [if/m] with increasing magnitudes of [Mf]
which yields via Eqs. (5) and (6)

[Mc] = - (7)

which is used in lieu of Eq. (5). The test-case analysis was
performed with the 4 x 4 [Mf] matrix equal [7]106 while the
maximum value of the other terms in the mass matrix is less
than 1. Comparison of frequencies and modes of the original
model with those of the fictitious-masses one showed that
they were practically identical. Consequently, the entire data
base was constructed with the modified model. [Bs] was con-
structed with all £ = 0.01.

The unsteady aerodynamic code is employed to calculate
[Qs] and [Qc] of Eq. (4) (using [ij/m] and [fa]) for various
values of the nondimensionalized Laplace variable s = ik
where k is the reduced frequency o)b/V where to is the vibra-
tion frequency, b is a reference semichord, and V is the flow
velocity. The aerodynamic database of the test-case includes
13 generalized aerodynamic matrices for the kt values of 0.,
0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.7, 1.0, 1.4, 1.9, 2.5, and 3.1.

The remaining part of the aeroelastic data base is the data
needed for the structural optimization. A structural design
variable (psi) in our case is the thickness of a composite fiber
ply added to the upper and lower surfaces of one of the zones
of Fig. 3. The added ply thicknesses are treated in this work
as continuous parameters where a unit value represents the
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thickness of a single ply. Three design variables, representing
the 0-, 45-, and — 45-deg orientations are assigned for each
zone. The incremental stiffness and mass contributions, [Kt]
and [Mf], of a unitpsi to the full-size stiffness and mass matrices
are calculated by the finite-element code and pre and post
multiplied by the appropriate partitions of [i/fm] to yield

(8a)

(8b)

which are valid as long as we keep [ifjm] unchanged. It is
assumed that d[Bs]/dpsi = 0. Expressions for the derivative of
[Mc] with respect to psi are given in Ref. 5. In our case d[Mc]/
dpsi = 0 because the masses of the control surfaces are not
modified throughout the optimization. The geometrical changes
due to adding plies to the wing surface (stacking effects) are
assumed in this work to be negligible.

The derivative matrices of Eqs. (8a) and (8b) with respect
to all the structural design variables are stored in the data
base. A major feature of the presented optimization scheme
is based on the assumption that the displacements of the mod-
ified structure may be described as a linear combination of
the baseline modes [i/^m] which serve as unchanged generalized
coordinates throughout the process. The nondiagonal deriv-
ative matrices are multiplied after each step by the current
values of psi and then added to the diagonal baseline gener-
alized stiffness and mass matrices. Even though the gener-
alized coordinates do not change, the coupling terms cause
the natural vibration modes to change in a way that removes
the mode coupling that causes flutter.

Aeroservoelastic Modeling and Stability Analysis
The aeroservoelastic modeling process (see part II of Fig.

1) is aimed at obtaining an efficient constant coefficient, state-
space model to be used in the simultaneous structural and
control optimization. The state-space formulation requires the
tabulated [Qs(ik$\ and [Qc(ik,)] matrices to be approximated
by rational functions. A review and extensions to the most
common rational approximation methods and the associated
model formulations are given in Ref. 7. Among those, the
Minimum-State (MS) method8'9 has been shown in several
applications to realistic problems9'10'11 to yield the most effi-
cient aeroservoelastic models per desired accuracy. Best MS
results are obtained when the physical weighting algorithm of
Ref. 9, which weights the tabulated aerodynamic terms ac-
cording to their aeroservoelastic importance, is applied. A
Qsij term of [Qs(ikL)] is weighted according to its contribution
to the response of § of the open-loop baseline system of Eq.
(4) with q = qd and s = ikLV/b to sinusoidal excitation by
the ;th column of [QX/fcJ]. The resulting weighted aerody-
namic terms are

(9)

where Csji(ikL) is the yith term of [Cs(ikL)]~l of Eq. (4). A
Qcij term of [Qc(ikL)] is weighted according to its contribution
to the open-loop response of the yth actuator output to sin-
usoidal excitation by the/th column of [Qc(ikL)]. The resulting
weighted aerodynamic terms are

(10)

where

of modal slopes at the sensor input and {CJ, is the /th column
of [QO'fcJ]-1. The weighted terms of Eqs. (9) and (10) are
normalized such that the maximum magnitude in each group
is 1.0. As depicted in Refs. 9 and 12, the weighted magnitudes
may exhibit sharp peaks when plotted vs kt. In order to extend
the validity of the aerodynamic approximation to a wide range
of parametric changes and to avoid approximation least-square
problems, the peaks are widened by 2 widening cycles as
described in Ref. 12. The aerodynamic matrices associated
with the 25 vibration modes and the 4 control modes were
approximated with 6 MS approximation roots, which yield
only 6 aerodynamic augmenting states.

The formulation of the resulting aeroservoelastic model is
presented in Refs. 5 and 9. The open-loop state-space equa-
tions are in the form of

{*} = [A]{X] +

M = [C]M +
(lla)

(lib)

where {x} is the state vector combined of the structural states
{£} and {£}, the aerodynamic augmenting states {xa} and the
control system states {xc}7 {M} is the actuator command inputs,
and \y] is the sensor output vector. The control loop can be
closed via a gain matrix [G] that relates {M} to {y}, which
results in the closed-loop equation

where

{*} = [!]{*}

[A] = [A] + [B]([I] - [G][Z>])-'[G][q

(12)

In our case, the full-size model has n = 68 states (50 structural,
6 aerodynamic, and 12 control states). The eigenvalues of the
constant coefficient, real-valued matrix [A(#)] are used to
analyze the system stability. Root locus analysis with variable
q yields the flutter dynamic pressure, qf, at which one of the
root branches crosses to the right-hand side of the Laplace
domain. The gain margins defined after Eq. (3) are found by
a root locus analysis at q = qd with variable G, which yields
the instability gain Gf. More details and numerical examples
for the calculation of flutter, gain, and phase margins are given
in Ref. 5. The accuracy of the MS approximation in the test-
case has been examined by comparing flutter results with
those of MSC/NASTRAN (using the PK method). The dif-
ferences in qf and ojy were less than 1%.

Model Size Reduction
The computational efficiency of the optimization process is

approximately proportional to n3. It is therefore desired to
reduce n as much as accuracy allows. The vibration modes
are divided for this purpose into three groups, those which
may be truncated, those which may be eliminated via resi-
dualization, and those which remain in the model as inde-
pendent states. The physical weighting of Eqs. (9) and (10)
has been found to be a helpful guide in the mode selection
process. Two measures of aeroservoelastic importance are
assigned to each mode. The measures are

and

QS = max {| Gi(«*.)!}

= maxf l f i* .

(13)

(14)

where Tj is the nominal control system transfer function from
sensor output to the ;th actuator output, [</>5] is a row vector

The modal measures of aeroservoelastic importance of 17 of
the 25 data base modes are given in Table 2 in decreasing
order of overall importance. The other 8 modes (numbers 10,
14, 15, 17, 19, 20, 21, and 23), for which both Q* and <22*
are less than 0.01, are truncated. The 6 modes in the second
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Table 2 Modal measures of aeroservoelastic importance

Mode no/ et
i
4
3
6

12
2

11
7
9
5
8

16
18
24
25
22
13

0.482
1.000
0.611
0.512
0.264
0.149
0.161
0.175
0.135
0.022
0.031
0.033
0.024
0.023
0.024
0.019
0.017

1.000
0.125
0.404
0.035
0.034
0.114
0.035
0.023
0.026
0.035
0.009
0.003
0.007
0.005
0.003
0.004
0.004

aThe other modes have Q* values of less than 0.01.
16

2 4 6 8 10 12 14
# of eliminated modes

Fig. 4 Size-reduction effects on flutter dynamic pressure and its sen-
sitivity derivatives.

group of Table 2 are eliminated via residualization, and the
11 modes in the first group of Table 2 are retained as inde-
pendent variables.

The truncation is performed by crossing-out the associ-
ated rows and columns in \A\ of Eq. (12). The resulting
closed-loop system matrix [A] forms the basis for subsequent
residualization.

The formulations of model size reduction via static and
dynamic residualization are given in Ref. 4. The most general
constraints that allow model size reduction for stability anal-
ysis are

[G]M (15)

where {xe} is the vector of eliminated structural states {£,} and
{£} and {jcr}is the vector of the retained states {£.}, {£.}, {xa},
and {xc}. The coefficient matrices of Eq. (15) are derived in
Ref. 4 using Eq. (11) and neglecting some terms associated
with the eliminated states. In static residualization, the rows
of [F] and [H] which are associated with {£,], and the entire
[G] are zero, which has a computational advantage in the
residualization process. However, the dynamic residualiza-
tion, which is used in this work, typically yields a better overall
efficiency because it allows the elimination of more modes
per desired accuracy.4 Equations (11), (12), and (15) are com-
bined in Ref. 4 to yield the residualized closed-loop equation

{xr} = [A]{xr] (16)
which is used in this work in lieu of Eq. (12) in the root-locus
analysis described in the previous section.

The effects of truncation and residualization on qf and on
its derivative with respect to ps2 (which is described in the
sensitivity derivative section below) are shown in Fig. 4. The

solid lines give the percentage errors introduced by truncation
vs the number of truncated modes. The baseline values of qf
= 1.736 psi and dqf/dpS2 = 0.188 psi have been obtained with
the full 25 mode model where the gain values associated with
the four control surfaces are 0.0, -0.1, -0.1 and 0.0664,
respectively. The modes truncated at each point of Fig. 4 are
those with the lowest measures of aeroservoelastic importance
defined by Eqs. (13) and (14). It can be deduced from the
error rates of change that the usage of these measures for
mode selection is adequate. The errors due to the truncation
of 8 modes plus residualization of 6 modes, given at the ends
of the dashed lines, demonstrate the accuracy of the dynamic
residualization relative to that of truncation.

Control Effectiveness
The control effectiveness parameters in Eq. (1) and their

sensitivity derivatives are needed to be calculated repeatedly
throughout the optimization process. Application of the dis-
crete approach of Ref. 13 would impose a severe computa-
tional cost. The 25-mode data base described above facilitated
an efficient utilization of the modal approach of Ref. 14. The
real-valued [QX°)L [Gc(0)l and [Ks] of Eq. (4) are partitioned
into the rigid and elastic mode partitions

,1 &Z

and

When there is a single rigid body mode in roll, the effective-
ness of rolling moment due to unit deflection of the zth control
surface is

where {Qc}2] is the yth column of [Qc]2 and

[K] = [&,] + [A*,] + qd[Qs]2

(18)

(19)

where

where d[Ks]/dpsi is calculated by Eq. (8a) using elastic modes
only. The differential of Eq. (18) with respect to a structural
design variable psi yields

(20)

It should be noted that the calculation of all the control ef-
fectiveness parameters in Eq. (18) and all their derivatives in
Eq. (20), for a given set of design variables, involves only
one matrix inversion of order ns where ns is the number of
elastic modes after truncation (16 in our case).

The variation of 174 and drj4/dps2, divided by their baseline
values, with the number of low frequency modes taken into
account are shown in Fig. 5. The baseline values, calculated
by all the data base modes are 174 = 0.216 and dr]4/dps2 =
0.0079. The stars indicate the modes which will be actually
truncated in the optimization. The convergence rates dem-
onstrate the adequacy of the modal approach in considering
control effectiveness in structural optimization. It should be
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2.6

1.5

0.5

13 15 17 19

No, of structural modes
23 25

Fig. 5 Control effectiveness variations with number of structural
modes taken into account.

noticed, however, that the convergence of the sensitivity de-
rivatives is slower than that of 77 itself.

Stability and Sensitivity Derivatives
Expressions for sensitivity derivatives of the flutter dynamic

pressure qf and gain margins GMi with respect to structural
and control design variables are developed in Ref. 5. They
are based on the neutral stability eigenvalues, the associated
column and row eigenvectors and the derivatives of [A], namely
the truncated system matrix before residualization. The de-
rivative of an eigenvalue A with respect to a design variable

dA
BPi

{U}
(21)

where {V} and {U} are the row and column eigenvectors of
[A] associated with A. The neutral stability eigenvalue Xf =
io)f associated with either qf or GMt is found by root locus
analysis of the residualized system matrix [A] of Eq. (16). It
is assumed that A7is also an eigenvalue of [A]. The derivatives
of [^4] with respect to the structural design variables5 are based
on the data base stiffness and mass derivatives of Eq. (8).

The neutral stability parameters and their derivatives cal-
culated in an optimization step are used to calculate a first-
order guess of the next step neutral stability parameters such
that the number of eigen solutions in the next step root locus
analysis is minimal.

Optimization Constraints
The optimization process is subject to sets of equality and

inequality constraints which are defined by the analyst to
achieve a realizable design which satisfies the requirements.

Equality constraints are defined in the form

= C0 (22)

where the Ct values may be functions of other design variables.
For each constraint equation one of the independent design
variables, pk which has non-zero Cfc, is defined as a dependent
variable. The differential of Eq. (22) with respect to an in-
dependent design variable, py, yields the constrained deriva-
tives

dC, ,~pg (23)d _ d 1

The inequality constraints are divided into two groups. In
the first group are those whose boundaries can be defined in
the form of Eq. (22). This group includes limits on the struc-
tural gauges and control gains, and the rolling moment re-

quirement of Eq. (1). Other inequality requirements, like the
qf and GMt requirements of Eqs. (2) and (3) are assigned a
penalty function and included in the optimization cost func-
tion discussed in the following section.

The baseline model satisfies all the inequality constraints
of the first group. One of the design variables pL in each
inequality constraint is defined as a compensating variable.
If the boundary equation is satisfied at the beginning of an
optimization step, and the steepest descent vector is into the
unfeasible domain, the inequality constraint becomes active,
pL becomes a dependent variable and the cost function sen-
sitivity derivatives are modified using Eq. (23). At the end of
the optimization step, the pL values of the active constraints,
and those of the inactive ones which are violated by this step,
are calculated using Eq. (22).

In our test-cases, the rolling moment requirement of Eq.
(1) was active throughout the optimizations. The control gain
G4 is defined as a dependent variable, which yields, via Eq.
(23), the constrained derivatives with respect to other gains

d
dG, dG4

(24)

and the constrained derivatives with respect to the structural
design variables

1
174^54

—- L G -^— (2^x» s'^ I a/- Vz;)^

The inequality constraints associated with structural gauge
and control gain limits are considered prior to the rolling
moment requirement such that Eqs. (1), (24), and (25) are
applied with feasible values. It can be shown that the sug-
gested constraint procedure leads to a design that satisfies the
Kuhn-Tucker optimality criteria of Ref. 15.

Optimization Process
Three cases of the baseline structure with different control

gains are given in Table 3. All the cases are with Gl = 0.0
and satisfy the rolling requirement of Eq. (1) with L = L.
Case 1 is with G2 = G4 and G3 = 0, which yields qf < qd.
Since dqf/3G4 is relatively large and 7j4 is relatively small, G4
can be reversed to suppress flutter while G2 and G3 compen-
sate for the loss of rolling moment. This is utilized in cases 2
and 3 in which qf > qd, but the flutter and gain margin re-
quirements of Eqs. (2) and (3) are not met. Even though the
main participants in the flutter mechanisms of cases 2 and 3
are the same modes (3 and 4 of Table 1), the flutter frequency,
gain margins, and the derivatives are substantially different,
which indicates a high sensitivity of the stability characteristics
to parametric changes.

To obtain a balanced structural design, all the design var-
iables associated with the — 45-deg ply direction are con-
strained to be equal to the + 45-deg ones. It is assumed that
the structure is already sized for stress. To avoid violation of

Table 3 Three baseline design cases with different control gains

Parameter Case 1 Case 2 Case 3
G2
G3
G4
qf, psi
cof, r ad/sec
GM2, db
GM3, db
GM4, db
dqf/dG2
dqf/dG3
dqf/dG4
dqf/dG2
dqf/dG3

-0.0871
0.0

-0.0871
0.633

78.910
—
—
—

1.94
2.81
5.00

-3.82
-15.86

-0.09
-0.09

0.0203
1.564

74.646
0.798
0.613
9.231
6.97
9.30

45.04
-153.4
-39.3

-0.1
-0.1

0.0667
1.745

55.180
7.993
8.743
4.148

-1.62
1.27

- 10.02
34.06
12.09
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stress requirements and to obtain a smooth design, all the
structural variables are limited to 0 < psi < ps where ps = 1.0
in zones 1 and 2 of Fig. 3, 2.0 in zones 3 to 5, 3.0 in zones 6
to 8, and 4.0 in zones 9 to 11 . The control gains are constrained
to Gl = 0 and the others to |G,| < G where G is equal to
either 0.09 or 0.1. The independent design variables before
activating inequality constraints are the 22 0-deg and 45-deg
structural variables and the three control gains (G2, G3, and
G4).

A preliminary analysis indicated that the critical stability
parameters are qf and the positive gain margins. Conse-
quently, the cost function to be minimized is

4
qf) + eAgj(GM0 - GMj)

where qfQ and GM0 are the requested flutter dynamic pressure
and gain margins, AW is the added weight, AW0 is the allowed
weight penalty and Aw, Af, and Agj are cost-weighting param-
eters. The sensitivity derivatives of / are

(27)

where p> is either a structural variable psi or a gain G, and
is

A steepest descent optimization algorithm has been used
to perform the four optimization cases presented in Tables 4
and 5. Case I of Table 4 has been performed to find the

Table 4 Four optimization cases

Parameter
G
AW, Ib
qf, psi
(of, rad/s
GM2, db
GM3, db
GM4, db
G2
G3
G4

Table

Case I
gain only

0.1
0.
2.031

51.397
6.57
7.48
7.07

-0.0974
-0.0914

0.0481

5 Structural

Ply

Case II
0.1
0.070
2.191

59.307
6.56
6.69
8.37

-0.0974
-0.0901

0.0435

Case III
G3 - 0
0.1
0.277
2.183

83.610
9.57

—
8.92

-0.1
0.0

-0.0315

changes (psi) in cases II to

direction, Case
i
I
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22

Zone
1
1
2
2
3
3
4
4
5
5
6
6
7
7
8
8
9
9

10
10
11
11

deg
0

45
0

45
0

45
0

45
0

45
0

45
0

45
0

45
0

45
0

45
0

45

II
0.199
0.020
0.317
0.015
0.002
0.098
0.
0.157
0,014
0.035
0.
0.075
0.
0.
0.
0.
0.538
0.
1.346
0.
0.
0.

Case
III

1.
1.
1.
1.
0.
2.
0.
2.
0.
2.
0.
0.
0.
0.
0.
0.
0.
0.
0.092
0.
0.
0.

Case IV
0.09
0.287
2.620

66.420
6.39
5.24
8.84

-0.09
-0.09

0.0230

IV

Case
IV
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
4.
0.
4.
0.
4.
0.

Fig. 6 Variations of flutter dynamic pressure, added weight, and two
structural variables along the optimization path, case III.

optimal gains, limited by G = 0.1, without changing the struc-
ture. The results are close to those of case 3 of Table 3, but
with better qf and gain margins. However, qf does not satisfy
the required margins. The simultaneous structure and gain
optimization of case II yields sufficient margins at the penalty
of adding 0.07 Ib to the structure. It can be noticed from case
II of Table 5 that the 0-deg plies in the wing root zones 9 and
10 and in the wing tip zones 1 and 2 are the most effective.
The 45-deg plies of zones 3 and 4 have also some effect, while
the others are either not effective or constrained to the min-
imum gauge. Case III is the same as II, but with G3 = 0. The
required margins are also met, but with a weight penalty of
0.277 Ib, which is about 9% of the optimized portion of the
structure. The flutter frequency and the structural changes
are substantially different than those of case II. The 0-deg
and 45-deg plies of zones 1 and 2, and the 45-deg plies of
zones 3 to 5 achieve their maximum limits while all the others
remain at or close to the minimum limits. Case IV is the same
as case II, but with gain limits of G = 0.9. The optimization
process stopped in this case when the number of active con-
straints reached the number of design variables. The differ-
ences between the resulting structures of Table 5 demonstrate
the importance of simultaneous structural and control optim-
ization of aeroservoelastic systems.

The variations of qf, AW, and the typical ps6 andps2l along
the 10-step optimization process of case III are plotted in Fig.
6. This case has been performed with a reduced-size 34-state
aeroservoelastic model (22 structural, 6 aerodynamic, and 6
control states). The computation cpu time was about 7 min
on a MicroVax 3200. The dashed lines of Fig. 6 are for the
same optimization process but with all the 25 data-base modes
yielding a 62-state aeroservoelastic model, which took about
32 cpu min. The good agreement between the solid and dashed
lines, and the associated cpu time differences demonstrate the
accuracy and efficiency of the structural state reduction proc-
ess.

Two NASTRAN model updates were performed with the
final ps values of cases III and IV of Table 5. The entire
aeroservoelastic modeling process of Fig. 1 was repeated for
each case, followed by root-locus stability analysis. All the
new stability characteristics were within 3% of the associated
ones in Table 4, which demonstrates the accuracy of the pre-
sented approach.

Conclusions
A systematic method for data-base construction, modeling,

and structural and/or control optimization of aeroservoelastic
systems has been presented. The method is applicable to any
objective function that can be analyzed by the normal modes
approach and analytically differentiated with respect to the
design variables. Standard, commercially available finite ele-
ment and unsteady aerodynamic computer codes can be used
to construct the aeroelastic data base. Application of Mini-
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mum-State rational approximations of the aerodynamic mat-
rices yields a low number of aerodynamic states relative to
the number of structural states. The weighting algorithm used
to select modes for model size reduction, and the dynamic
residualization method have been shown to yield high-accu-
racy, reduced-order models. The process of calculating the
stability boundaries of the residualized system has been de-
scribed, and the associated constrained sensitivity derivatives
have been formulated. Expressions for an efficient calculation
of aeroelastic effectiveness parameters and their sensitivity
derivatives have been presented and used to implement air-
craft performance requirements. The numerical applications
demonstrated that, once the data base is constructed, a variety
of optimal parametric studies with different cost functions and
design constraints can be performed in on-line sessions with-
out returning to the finite element model. The ensemble of
all these analytical and computational techniques yields an
efficient, high-accuracy optimization process which can be
used as a practical design tool of realistic modern aeronautical
composite structures and control systems.
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